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Abstract 



Gravity coupled three-dimensional cr-model describing the station- 
ary Einstein-Maxwell-dilaton system with general dilaton coupling is 
studied. Killing equations for the corresponding five-dimensional target 
space are integrated. It is shown that for general coupling constant a 
the symmetry algebra is isomorphic to the maximal solvable subalgebra 
of sZ(3, R). For two critical values a = and a = Killing algebra en- 
larges to the full sl{3,R) and su{2,l)xR algebras respectively, which cor- 
respond to five-dimensional Kaluza-Klein and four-dimensional Brans- 
Dicke-Maxwell theories. These two models are analyzed in terms of the 
unique real variables. Relation to the description in terms of complex 
Ernst potentials is discussed. Non-trivial discrete maps between differ- 
ent subspaces of the target space are found and used to generate new 
arbitrary-a solutions to dilaton gravity. 
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1 Introduction 



Hidden symmetries in gravity and supergravity theories dimensionally reduced to 
three and two dimensions were extensively studied earher 0, 0, [||, 0, 0. As 
it is well-known, vacuum Einstein equations in a space-time of arbitrary dimensions 
possessing a sufficient number of Killing vectors to make the system effectively three- 
dimensional, can be presented in the form of three-dimensional gravity coupled a- 
model with a symmetric target space. When further reduced to two dimensions via 
an imposition of an additional Killing vector field, the system becomes integrable 
by means of the inverse scattering transform method |01 [@1 0- Similar property 
is shared by the four-dimensional Einstein-Maxwell theory 0, |10[, |jl2[, as 

well as by some more general gravity-coupled scalar- vector models resulting from 
super gravities 0, 0. 

More recent interest to this subject is related to the search of lower dimensional 
string models. It turns out to be useful to study exact solutions of the low-energy 
effective string actions as the first step in the search of exact string backgrounds. Sur- 
prisingly, many of exact solutions were obtained in the closed analytical form |]TB 



T^ , |jT5[. Moreover, certain similarity with corresponding solutions to the vacuum 



Einstein equations can be observed. This fact indicates on the existence of hidden 
symmetries of lower-dimensional reductions of the theory. It was shown recently that 
within the context of the Einstein-Maxwell-dilaton-axion theory the hidden sym- 
metry group includes Ehlers-Harrison-type transformations |T^, the corresponding 



two-dimensional truncation leads to integrable theory . It was observed also that 
purely dilatonic gravity (without an axion) is less symmetric apart form two excep- 
tional values of the dilaton coupling constant. It is the purpose of the present paper 
to discuss this subject in some details. 

We consider an Einstein-Maxwell-dilaton (EMD) system with general dilaton 
coupling in four space-time dimensions 

S = — f (-R + 2(90)2 - e-2"*F2) ^ d\ (1.1) 
lovr J ^ ' 

where is the real scalar field (dilaton), F = dA is the Maxwell two-form, a is the 
dilaton coupling constant. This theory was suggested as one of stringy gravity models 
[jl5[ . It is also interesting as a minimal model continuously interpolating betweeen two 
highly symmetric systems: Einstein-Maxwell (EM) and five-dimensional Kaluza- 
Klein (KK) theories. 

For a = the action (1.1) describes the EM system with the gravitationally 
coupled scalar field. It is well-known that the pure EM system becomes an integrable 
theory provided a two-dimensional Abelian Killing space-time symmetry is imposed. 
Possible way to demonstrate this property consists in the following. Imposing ffist 
one Killing vector field one can dimensionally reduce the system to a gravity coupled 
three-dimensional sigma-model with the target space SU{2, 1)/S{U{1) x f/(2)) 
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TT| , ||12|| . Such a system in presence of the second Kilhng vector field commuting 
with the first one admits two-dimensional modified chiral matrix representation of 
Belinskii-Zakharov type 0. With a scalar field added, the a = action (1.1) can 
equivalently be thought of as the Brans-Dicke-Maxwell (BDM) model in the Einstein 
frame (with the Brans-Dicke parameter u = —1). Obviously this system posesses 
the same integrability properties as the EM one ||T8[| . 

Similar integrability property is shared by the KK theory with three commuting 
Killing vectors, one of which corresponds to the x^-translations, |]19|, P|, [^. In the 



adapted system of coordinates this theory can be presented as the four-dimensional 
EMD system (1.1) with the coupling constant a = Vs. With two commuting Killing 
symmetries imposed, it reduces to the 5*^(3, R) / 5*0(3) modified chiral matrix model. 

Both SU{2, 1) and SL{3, R) groups are eight-parametric, so it is natural to in- 
vestigate a possibility of a deeper link between the stationary EM and KK theories. 
Clearly, the action (1.1) is the simplest model which ensures a continuous interpola- 
tion. Using the real parametrization of the target space corresponding to the station- 
ary reduction of the action (1.1) one can make explicit the relationship between these 
two structures. From the point of view of the string theory, the distinguished value 
of the dilaton coupling is a = 1. So apart from the purely mathematical question 
about the correspondence between KK and BDM chiral models, it is important to 
know whether the stringy MD model shares the same integrability property. 

The rest of the paper is organized as follows. In Sec. 2 three-dimensional sigma- 
model representation is derived for the stationary EMD system with an arbitrary 
dilaton coupling constant. In Sec. 3 we present a detailed investigation of isometrics 
of the corresponding target space. The nature of Killing algebra for non-critical 
coupling is discussed in Sec. 4. Two particular cases a = ^/S and a = are then 
considered in detailes using the real target space variables (Sec. 5, 6). For the BDM 
case a correspondence between the symmetry generators obtained and those known 
in conventional terms of the Ernst potentials is established (Sec. 6). In Sec. 7 we 
describe complex descrete transformations of the EMD system similar to Bonnor 
transformations in the EM theory. They are used to derive new asymptotically fiat 
solutions to dilaton gravity describing dipole field configurations. We conclude with 
some remarks concerning the nature of the symmetry breaking by a non-critical 
dilaton. 



2 Dimensional Reduction. 

Assuming four-dimensional metric in (1.1) to admit a time-like Killing vector field, 
one can write the space-time line element as 

ds"^ = f{dt - uOidx'Y - f~^hijdx^dx\ (2.1) 
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where the function /, the one-form uo = ujidx^ and the 3-metric hij depend only on 
the space coordinates x*,? = 1,2,3,. It can be easily shown that the corresponding 
Maxwell field is fully describable in terms of two real-valued functions v and a of 
X* exactly as in the case of the pure EM field Indeed, Maxwell equations and 
Bianchi identities following from (1.1) read 



(2.2) 
(2.3) 



where F''" = lE^'^^^A^, E'"'^'' 



^/ V~9- With the assumption of stationarity. 



the /i = i component of (2.3) is satisfied by the substitution 
while the ^ = i component of the Eq. (2.2) is solved by 

pij -_ 



V2 



(2.4) 



^ 2a<^ iifc^ 



(2.5) 



The quantities v and a may be regarded as electric and magnetic potentials respec- 
tively. The remaining components of the F^'^ can be expressed in terms of v and a 



using the relation 21 



F'^u, - h'^F, 



jO, 



where h^^ is the 3-inverse of hij. Another useful relation is 



/ ^hikhjiF^^ + 2FQuujjY 



(2.6) 



(2.7) 



Following Israel and Wilson |21] one can introduce a 3-dual to the rotation 2-form 



-f ^^J^fc' 



(2i 



which is invariant under the time transformation t t + T(x*). We assume further 
that the indices of all 3-dimensional quantities are raised and lowered with the 3- 
metric hij while for 4-dimensional tensors one still uses Qf^iy. Then the relevant 
components of the 4-Ricci tensor i?^,^ (defined as R^i, = d^V^^ ~ ■■■) can be presented 
as 

-Roo 



1 



- (/A/ - (V/)^ + 



R 



2 



(V7)(VV) + rW^ - h'' {f^f - (V/)^ + r 



(2.9) 
(2.10) 
(2.11) 
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where 3?*-' is the Ricci tensor of the 3-space, Vi denotes 3-covariant derivative, 
A = V^, and 3-vector scalar products are understood with respect to the metric hij. 
The corresponding components of the stress-energy tensor are: 

167r(roo - ^gooT) = f {{Vvye-'"'^ + {Vaye'^'^) , (2.12) 
SttT^ = -^e''\Vjv){Vka), (2.13) 

+ ^ (e-^'"^{Vvf + e2"^(Va)2) + 2/2(V>)(V^0) (2.14) 



2 

Note that the dilation does not influence mixed components of the Einstein equations. 
Hence, comparing (2.10) and (2.13) one obtains 

n^Wi + ViX, (2.15) 

where 

Wi — vVia — aViV, (2-16) 

and X is the twist potential defined up to an additive constant. In terms of x ^^'^ w 
the 00-component of the Einstein equations will read 

/A/ - {Vff = / ((V^)^e-^'^^ + {Vafe"^'^) - (Vx + w)^ (2.17) 

The divergence of (2.15) combined with (2.8) leads to the equation for x 

/Ax - 2V/(Vx + w) + /(^;Aa - a/^v) = 0. (2.18) 

To obtain second order equations for v and a one has to use the // = components 
of the equations (2.2), (2.3). Then taking into account (2.6), (2.7), (2.8) and (2.15) 
one gets 

/2V(/-ie-2"<^Vw) + (Vx + w)Va = 0, (2.19) 
/2V(/-^e2"*Va) - (Vx + w) V^; = 0. (2.20) 
Finally, the dilaton equation in terms of the same variables reads 

2/A0 = a (e-2"<^(Vv)' - e^'^^iVaf] . (2.21) 



The set of equations (2.17)-(2.21) has to be completed by the remaining ij- 
Einstein equations. Combining (2.11) and (2.14) and using (2.15) one obtains for 
the 3-dimensional Ricci tensor the following expression 

= ^ [(V./)(V,/) + (V,x + w,){V^x + w^)] + 



+ 2(V.0)(V,0) - [e-2"^(Vit;)(V,t;) + e2"'^(Via)(V,a)] . (2.22) 

The system (2.17)-(2.22) provides a fully 3-dimensional description of the stationary 
EMD system with an arbitrary dilaton coupling constant a. It can be regarded as 
the 3-dimensional Einstein-matter system with five real scalar fields 

<f^ = U\X,v,a,<p), A = l,...,5, (2.23) 

acting as a source. It can equivalently be derived from the following 3-dimensional 
gravity coupled cr-model action 

S^ = J gAB{^)d^^''d,^'') W'Vh d^x, (2.24) 
where 3? = 3?*, and QABi'^) is the target space metric 

G = GABdf'^dip^ = ^ (^df + {dx + vda - advf^ - 

- j{e-^"'^dv^ + e^^^cia^) + 2d(f)\ (2.25) 

For a = and (j) = const this metric reduces to one given by Neugebauer and Kramer 
for the EM system It is worth to be noted that the dilaton equation (2.21) for 
= const gives a constraint on the Maxwell field, F"^ = 0. Clearly the stationary 
EMD system may only have = const solutions if F"^ = 0. Hence, the EM system 
is not a particular case of the EMD system. Rather, when we put a = 0, we get the 
BMD system, this case will be discussed in details in the Sec. 6. 

This representation of the stationary EMD system will be the starting point for 
the subsequent investigation of the associated hidden symmetries. Some of them 
can be readily found from the explicit expression (2.25) for the target space metric. 
However, it turns out that the number of symmetry generators depends on the value 
of the dilaton coupling constant a in a somewhat tricky way. One needs to undertake 
the complete analysis of the target space isometries in order to understand mutual 
relationship between different symmetry groups arising for two critical values of a. 

3 Integration of the target space Killing equa- 
tions 

It is convenient to introduce instead of / and (p the following new variables 

1 1 

= a^- -Inf, ^ = -{acj) + -Inf), (3.1) 
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and to define parameters 



provided a 7^ (the case a = will be discussed separately). Then the target space 
metric (2.25) takes the simple form 

g = p[drf + df) + 2qdr]di - e^^dv^ - e^'^da^ + ie^(''+«) {dx + vda - advf. (3.3) 

Our aim is to find all isometrics of the target space, that is to construct a complete 
set of solutions to the Killing equations 

Xa-b + Xb;A = 0, (3.4) 

where covariant derivatives refer to the metric Q. Contracting (3.4) with dip^dip^ 
and substituting (3.3) one obtains the following equation in terms of bilinear forms: 

hdx + vda - adv)[{X'^ + X^){dx + vda - adv) + X'^da - X^dv + dX^ 

+vdX'' - adX^je^M + pidX'^dr] + dX^d^) + q{dX^dr) + dX^^d^)- 

- e^^iX^da + dX'')da - e^^{X^dv + dX'')dv = 0. (3.5) 

It contains a set of 15 independent equations, which can be solved by extract- 
ing the explicit dependence of X"^ on the field variables {rj, x, v, a) step by step. 
Collecting the dr}^ and d^'^ terms in (3.5), one obtains two equations 

{pX^ + qX^),^ = , {pX^ + qX^),^ = 0, (3.6) 

which can be solved 

^,^pn-qK ^,^pK-qn^ 
p-q p-q 

in terms of two functions of 4 variables tt = 7r(^, x, v, a) and k — K{r], x, v, a). Then 
from the d^dr] equation 

p{X\^ + X«,,) + q(X^,^ + X\,) = 0, 
one can find an explicit dependence of tt and «; on ^ and r] 

TT = ^(x,'y,a)C + -B(x,'y,a), 

-Mx,v,a)'q + C{x^v,a). (3.8) 

(Here and in what follows capital Latin letters denote the differentiable functions of 
variables indicated in the parenthesis.) 
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To extract the ^-dependence we use the dridx and dC,dx equations 

2{pX'^ + qX^),^ + e2(''+«)(X>^ + vX'' - aX"),^ = 0, (3.9) 

2ipX^ + gX"),^ + e'(^+«)(X>^ + vX" - aX^),^ = 0, (3.10) 

yielding 

A^A{v,a), C ^ B + F{v,a), 

+ vX" - aX^ = e-2(''+«)5^ + D{x, v, a), (3.11) 
together with the dx^ equation 

X" + X^ + (X^ + vX'' -aX'')^^^0. (3.12) 

They imply 

A = 0, B ^ G{v,a)x + H{v,a), 

D = -G{v, a)x^ - i2H{v, a) + F{v, a)) x + Hv, a). (3.13) 

The next step of the derivation is the a, w-reduction. From the dadr] term in (3.5) 
one gets 

PXl + le'^'^+^\X^ + vX^ - aX^,, - e'^X^^ + gXf„ = 0. (3.14) 
From here, with account for (3.10) and (3.13), one arrives at 

X- = -le^'"{G,aX + Ha - Gv) + K{^, x, v, a). (3.15) 
Then, from the dad^ equation 

{pX^ + qX^),a + -e2(''+«)(X>^ + - aX'")^^ - e^"X^^ = (3.16) 

the function K is seen to be independent on ^, G — G{v) and also 

H + F^G{v)av + L(y). (3.17) 
Similarly, using the dvd$, equation 

pX% - %^^'^+^\X^ + vX'' - aX^),5 - e^^Xl + qX^ = 0, (3.18) 

we find 

X- = ~e-''^{G,,x + H,, + + Ga) + M{ri, x, v, a). (3.19) 
Entering with (3.19) into the dvdrj equation one gets 

- %^(^+^){X^ + vX'' - aX^)^r, - e^^Xl + qX% = 0. (3.20) 



From here it can be derived 

canst, H^-Gva + N{a), M ^ M{x,v,a), 

F = 2Gva + L{v) - N{a). (3.21) 

Collecting all previous results one can write the general solution of the Killing 
equations as follows 

= Gx + {pN{a) - qL{v) - Gva) {p - q)~\ 
X^^Gx+ ipLiy) - qN{a) + Gva) {p - q)~\ 
X- = -^e-2« {2Ga + L\v)) + M(x, v, a), (3.22) 

Xa ^ 1 ^2Gv - N\a)) + K{x, v, a), 

+ vX'' - aX"" = G'(e-'(''+«) - x') - {N{a) + L{v)) x + /(^;, a). 

with G = const, where primes stand for the derivatives with respect to the corre- 
sponding single argument. 

For a subsequent reduction one uses first the dadx equation obtaining the rela- 
tions 

K = -]^{L'{v) + 2Ga)x + P{v,a), 

M = 1 {N'{a) - 2Gv) x - \[I,a + v{N + L)], (3.23) 
and then the dvdx equation giving 

M^]^{N\a)-2Gv)x + Q{v,a), 

K = -\ {L'{v) + 2Ga) x + ^ (/. - a{N + L)) . (3.24) 
Combining (3.23) and (3.24) one gets 

P{v,a) = ^[I,,-aiN + L)], 

G{v,a) = -^[I,a + v{N + L)]. (3.25) 
Furthermore, the da^ equation yields N — Ra + S with constant R and S, and 

I,va = {p- qy\L -N + 4qGav) + aN' - vL'. (3.26) 
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Similarly, from the dv^ equation one gets L = Tv + U, with constant T and U, as 
well as (3.26) again. Finally, the crossed term dvda in (3.5) gives two additional 
equations for I{v,a) 

I,,,^2a{Ga + T), (3.27) 

I,aa^MGv-R). (3.28) 

Differentiating (3.26) over v and (3.27) over a we obtain the following consistency 
condition: 

(T + 2Ga) = T + 2Ga. (3.29) 

p-q 

In the same way, differentiating (3.26) over a and (3.28) over v one gets 

-^(2Gv - R) ^ 2Gv - R. (3.30) 
p-q 

Now it is clear from (3.29) and (3.30), that the constants G, R, T can be non-zero if 
and only if 

^ =1, (3.31) 



p-q 

what, on account for (3.2), means 



a 



= a/3. (3.32) 



For all other (non-zero) values of a one has G — R — T — 0, and the solution of 
(3.26)~(3.28) will read 

I ^ ^—(U - S)av + Wa + Vv + Z, (3.33) 
p-q 

where W, V and Z are constants, and N — S,L — U. Therefore for an arbitrary value 
of a, except for a = and a = ^/3, the general solution of the Killing equations 
obtained by substituting (3.24), (3.25), (3.33) into (3.22) reads 

X = X^-^ = S{p - q)-' \p{d, - ada) + q{vd, - d^)] - Sxd^+ 

+U{p - q)-' \p{d^ - vd,) + q{ada - 9,) - xdx] + ^^(^a + ^^x)+ 

+ -W{ad^ - a„) + Zd^. (3.34) 

It describes five-parametric isometry group of the target space for any non-critical a. 
For a = the metric representation (3.3) is not valid, this case will be discussed later 
in the Sec. 6. For a = y/S three additional Killing vectors arise which correspond to 
the non-zero constants G, R, T. 
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4 Symmetry algebra for a non— critical coupling 

It is convenient to choose five independent KiUing vectors as follows: 

Xi = dr,- ada - xdx, 

Xs^da + vd^, (4.1) 
X4 — dy — ad^, 
X, = 2d^, 

where linear combinations of S and U used in (3.34) to get Xi and X2 symmetric 
under the interchange 77 <-> ^. a <-> v. Note that the discrete duality transformation 

rj^^, a^v, X ^ -X, (4.2) 

which is obviously the symmetry of the target space metric (3.3), leaves the whole 
set (4.1) invariant. 

Five Killing vectors (4.1) form a closed 5-dimensional algebra X 

[X^, X,] = C\,Xx, 1^,1^, 1, 5, (4.3) 

with the following non-zero structure constants: 

C^13 = C^24 = C^15 — C^25 — —C^34 — 1 (4-4) 

This algebra is solvable. Indeed, its derivative X' contains as basis vectors X^, X4, X^, 
the second derivative is one-dimensional X — X5 , and we have the following chain 
of subalgebras 

= X'" C X" gX' gX, (4.5) 

where all terms are the subsequent ideals of the previous ones. 

Using (4.4) it can be shown that the Killing-Cartan bilinear form 

C^M/^C^^^a^^^'' = 2(l]i)2 + 2Q^fi2 + {Q^f (4.6) 

is non-degenerate only on 1-2 subspace. 

Such algebras are known to admit a representation in terms of the upper triangle 
matrices. Consistently with (4.2) Xi and X2 can be choosen diagonal. Then the 
following 3x3 representation — > holds 



ei 



2 














^ 




1 







-1 








1 




I- - h 
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Obviously, this set constitutes a basis for the upper triangle subalgebra of s/(3, R). 

From (4.6) it is clear that, the algebra of Killing vectors (4.3) is insufficient to 
provide the target space with a symmetric Riemannian space structure. From 5 gen- 
erators (4.1) 3 express pure gauge degrees of freedom (X3 and X4 — electromagnetic, 
X5 — gravitational). The corresponding finite transformations read respectively: 

a^a + Xs, x^X + hv, (4.8) 

V ^ V + X4, X^ X - -^40, (4.9) 

X^X + K (4.10) 

where A3, A4, A5 are the real group parameters. Two other transformations (Xi,X2) 
are the linear combinations of a dilaton constant shift (accompanied by a suitable 
rescaling of v and a) and a scale transformation: 

r/^r^ + Ai a^ae-^\ X ^ Xe'^\ (4-11) 

e^e + A2, v-^ve-''^ X^Xe-"-'- (4.12) 

Comparing this with the EM case we see that the Ehlers-Harrison part of the 
symmetry group is lacking. This destroys the integrability of the EM equations in 
presence of the second space-like Killing vector field commuting with the initial time- 
like one is imposed. Integrability property is, however, restored for a particular value 
of the dilaton coupling constant a = ^/3, when the matrix algebra (4.7) enlarges to 
the full sl{3,R). 



5 Kaluza— Klein theory 

In this exceptional case the consistency conditions (3.29) and (3.30) are fulfiled iden- 
tically and the solution of the equations (3.26)-(3.28) reads 

I = 3{U - S)av + av{Tv - Ra + Gav) + Wa + Vv + Z. (5.1) 

Thus, the general solution of the Killing equations contains 3 additional real param- 
eters: G, R and T. Substituting (4.1) into (3.23)-(3.25) and further to (3.22), we get 
the 8-parametric solution. In addition to five (a-independent) Killing vectors (3.35) 
now we have 

X, = v{d, - 2d^) + (ie-2« + v^)d, + Ixida + Uae'^^ + vx^i)d^, (5.2) 
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X, = a{d^ - 2d,) + (^e-^" + a')da - ^x~id. + ^(axi - ve~''')d^, (5.3) 
^8 = -^(Xs^r, + X^sd^) + + ae~^^)d^ + ^(axi - ve~^'')da+ 

+ ^{a'e-^^ + v^e-^^ + aW + - e-'^^+''^^)d^, (5.4) 

where Xn = X ~ nav. These generators were found by Neugebauer in 1969 [|T^ in 
shghtly different variables 0. Together with (4.1) they form the sl{3, R) algebra as it 
can be seen from the commutation relations (4.3), now with /i, z/, A = 1,....,8. The 
set of non-zero structure constants (4.4) is enlarged to include 

/^8 /^8 

L' 17 — ^ 18 — 26 — ^ 28 — 38 — ^ 48 — 56 — 57 — 



(5.5) 



^ 28 — 


/^7 

— ^ 38 — 48 


2 

37 — - 


-O 46 — O 58 — 


C^37 = 


C^46 = —2. 



/^8 /^2 /^l /^l /^2 1 

-tv 67 — — 37 — 46 — 58 — O 58 — — i, 



New generators (5.2)-(5.4) have the following 3x3 matrix counterparts 
/000\ /000\ /000\ 

66 = 000 , 67 = -1 00 , 68 = 00 , (5.6) 






completing the algebra of s/(3, R). 

The sl{3,R) symmetry of the 2-stationary (admitting 2 commuting Killing vec- 
tors) 5-dimensional KK-theory was first discovered by Maison using another 
formulation (see also [20 1). The remarkable property of the target space (3.1) in the 
case = 3 is that it is a homogeneous symmetric Riemannian space on which the 
group SL{3, R) acts transitively. It can be checked by a direct computation that the 
Riemann tensor corresponding to the metric (3.1) for p = 2g = 2/3 is covariantly 
constant: VaR^cde = 0. Furthermore, the target space is an Einstein space 

R 

Rab = -tSab, (5.7) 

5 

where the scalar curvature R = —15. Maison showed that this space can be 
identified with the coset SL{3, R)/ S0{3). Within the present framework this can be 
seen as follows. 

The Killing-Cartan metric constructed with the structure constants (4.4) and 
(5.5), 

V,. = ^C%f,C^^ = \TT{e,e,) (5.8) 



^The authors are grateful to Dr. T. Mates for this reference. 
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has the following non-zero components: 

1 1 , , 

rjn = V22 = 27712 = -, 7^37 = 7746 = 7758 = --. (5.9) 

For the corresponding inverse tensor one finds 

rj^i^r)''^-2rj''^A, rj'' ^ rj'' ^ rj'' ^ -2. (5.10) 
Using these quantities, one can build the Killing one-forms 

^ rj'^-x^gABdcp^, (5.11) 
which satisfy Maurer-Cartan equation 

dr'^ + ^C^o.pr'^ATf'^O. (5.12) 

Explicitly, from (5.11) read 

= 2ci77 + Aae^'^da - 2ve^^dv + ^Xar^, 

= 2di + A:ve^^dv - 2ae^'^da + ^X-3T^ 
= 2a(ir; + (2a^e^'' + l)(ia - X-i^^^dv + 
= 2vd^ + {2v'^e^^ + l)d^; + Xie^^da + 
r' = xidrj + X-i(iC + (« + ux-ie^^)'^'^- 
-(^; - axie''')da - ^{a'^v^ - x' + e-2«+''))T^ 

= 2e^^dv - ar^, (5.13) 

= -2e2(«+'')(ciX + ^^^^a - adv). 

In terms of these Killing one-forms the line element of the target space (3.3) with 
p — 2q — 2/3 can be written as 

o 

-hr^^r'^ + T^®T^ + T^®T^), (5.14) 
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or, alternatively, (see (5.7)) 



g = -Tr (A ® A) , 



where the 3x3 matrix one-form A is defined as 



In view of (5.11) the one-form A has a vanishing curvature 
Fbc = Ac,B - Ab,c + [Ab: Ac] = 0, 
and thus Ab is a. pure gauge 



(5.15) 
(5.16) 

(5.17) 
(5.18) 



Ab = {dBU)U-\ 

where U is a 3x3 matrix. To find it exphcitly, it is convenient to use Gauss decom- 
position of the general SL{3,R) matrix 



M = MlMdMr, 



(5.19) 



where Mr, Ml are right- (left-) triangle matrices and Md is diagonal (all with unit 
determinant) 





( 1 






\ 




( di 












f 


1 













1 


r2 




, Mn^ 
















h 


1 












1 


) 




I 





(dida) 






\ 


h 


k 


1 



(5.20) 

The corresponding generators are given by the sets (es, 64 65) , (ei, 62) and 
(eg, 67, eg) respectively. 

For any U e SL(3, R)/SO{3) one has Ul — Ur, so using a parametrization 







Pi 


P3 











1 


P2 













1 







qi \ 
?2 
(gi?2)-' / 

we obtain 

/ qi qm qips 

U = q^p^ + q^pl q^p^ + q^p^p^ 

V qiPs q2P2 + qiPiPs qwl + ?2pi + (^1^2)"^ 

Infinitesimal SL{3,R) transformations 

U M'^UM, M + A^X^ 



(5.21) 



(5.22) 



(5.23) 



lead to the following representation of generators in terms of the g, p-derivatives: 
^1 = ^{4^qidq^ - 3pidp^ - 2q2dg^ - 3p^dp^), 
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X4 = -Pidps - dj 



P2 1 



(5.24) 



P3' 



Xe = 2g2P2<9g2 + pa^pi + (gi ^ - P2) 9p2, 
Xj = -2qipidg,+2q2Pidg, - (g^^^ga - pI) dp, + {ps - P1P2) dp, + (pm - q2P2qi^) dj 



Xs = -2qip-idq, + 2q2PiP2dq, + [pip^i - q2P2qi ^) dp,+ 

{p2P3 - pipI + Pigr^g^^) dp, + (pI - q2Plqi^ - gf^g^^) a, 



P3 ' 



Comparing this with our initial representation (4.1), (5.2), (5.3), (5.4) in terms 
of the (T-model variables, one finds 



qi 



2{€-^'?)/3 



Pi = U, P2 



-V, P3 = ix-uv)/2. (5.25) 



As a result we obtain the following representation for the matrix U G 5*^(3, R) / 5*0(3): 



2 2a X ~ 

2a 2c? - e-^'' a(x - av) + t;e-2'' 



/i = exp 



K2e + 477) 



(5.26) 



(This matrix is related to one found by Maison |^ by some constant S'L(3, R) trans- 
formation.) 

Using (5.15) and (5.18) we obtain the metric of the target space in terms of the 
coset SL{?i, R) / S0{?>) variables, namely 



g = -Tr{dUU~^ (g) dUU^^] 



(5.27) 



The equation of motion in these variables can be derived directly from the action, 
or through the following argument |jl2| . The pull-back of the Killing one-form onto 
the configuration space constitutes the set of Noether currents 



J' 



(5.28) 



which are conserved in view of the invariance of the action under SL{3, R): 

di{h'^y/hJt) = 0. (5.29) 
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As it is known, for a symmetric target space such a set of conservation laws is 
equivalent to the equations of motion. Introducing the pull-back A = Aidx^ of A, 
where Ai = Asdip^ / dx^ ^ we can rewrite (5.22) as 

di<A = Q, (5.30) 



or 



d dUU-^) = 0, (5.31) 

where the star stands for the 3-dimensional Hodge dual operation. This form of 
the field equations is suitable for an aplication of the inverse scattering transform 
method in the axisymmetric case [0, |12[. An alternative development following 



the prolongation structure technique can be found in |2^. Another derivation of 
Belinskii-Zakharov type of a system was given in |^ using different reduction scheme 
from the 5-dimensional KK theory. Our purpose here was to demonstrate explicitly 
how the SL{3, R) symmetry, generally broken by the non-critically coupled dilaton, 
turns out to be restored for the critical coupling a = a/3. Note, that another 
particular value of this coupling constant, a = 1, which emerges in the context of 
the heterotic string low-energy effective theory, belongs to the broken symmetry 
case. 



6 Brans— Dicke— Maxwell model, a = 

For a = the parametrization (3.3) of the target space metric is not valid, and 
we have to restart with the initial parametrization (2.25). Obviously, the dilaton 
decouples from the Einstei-Maxwell part of the a-model, which is described here 
in Neugebauer and Kramer variables As it is clear from (1.1), for a = the 
system (including the dilaton) is just the EDM system with purely gravitationally 
coupled scalar field (in the Einstein frame). For completeness we present here the 
corresponding Killing algebra in terms of real variables and then translate it into the 
standard Ernst-potentials form. 

Three of five Killing vectors (3.35) from the maximal solvable subalgebra of 
sl{3,R), remain Killing vectors in the a = case: X3, X4, (the electromagnetic 
and gravitational gauge transformations). The sum Xi + X2 is dilaton-independent 
and hence remains the symmetry too (the scale transformation). The difference 
Xi — X2 in the limit a ^ reduces to the pure dilaton shift. In addition, a con- 
tinuos duality rotation emerges as a symmetry (it is broken by the dilaton for any 
a 7^ 0. The non-trivial part of the target space isometry algebra consists of the 
Harrison transformations and the Ehlers transformation. Altogether one has the 
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9-dimensional algebra of isometries generated by the following set of Killing vectors: 
Xi = vda - ady, 



X2 = -{X, + X2) = 2{fdf + xdx) + ad, + vd, , 
X^ — X3, = X4, X^ — X5, 

Xe - 2fvdf + {vx + aF-) + (\{v^ - 2>o?) + f) d, + X-2da, (6.1) 
X7 = 2fadf + (ax - vF) df + (l{a^ - 3v^)) + /) 4 - X2d,, 
Xs = 2fxdf + ix' - F^)d^ + {vx - aF)d, + {ax + vF)da, 
Xg — d(j), 

where F — f — {v'^ + a^)/2. Obviously Xq commutes with all other generators, while 
the remaining non-zero structure constants read 

U 13 — — O 14 — — O 16 — 17 — —'^ 23 — 24 — 26 — 

— U 27 — 34 — 37 — 38 — 46 — 48 — 

/^8 /^3 /^4 /^2 /^8 o 

25 — '-^ 28 — ^ 56 — 57 — '-^ 58 — '-^ 67 — ^) 

C^se = -C\r = 3. (6.2) 

The structure constants (6.2) form a su{2, 1) algebra. To cast it into more conven- 
tional form one has to introduce complex Ernst potentials 

„ . v'^ + a'^ ^ v + ia .„ 
e^f + iX $ = — (6.3) 

For a — the metric (2.25) in terms of these variables will read 

g^-}-\ds + 2$*ci$|2 - ^d<^d<^* + 2#l (6.4) 

The complete isometry algebra of (6.4) is isomorphic to su{2, 1) x R. In terms of 
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the complex variables the generators (6.1) take the following form 

Xi = i^d^ + c.c, 

X2 = 2ede + ^di^ + c.c, 

^3 = ^(75^$ + V2$9,)+c.c., 

X4 = - V2^de + c.c, 

(6.5) 

X5 = 2ide + c.c, 

Xe = V^e^de + ^{e + 2$2)5$ + c.c, 
= -iv^e$a, + ^(e - 2$2)a$ + cc, 

Xg = -ie($9$ + ede) + cc. 

Up to normalization, these generators coincide with ones given previously by Neuge- 
bauer []rU|, and Eris, Giirses and Karasu |]T2[. Contrary to the KK theory, which 



has natural description in terms of the real target space variables, for the EM sys- 
tem more appropriate are the complex variables which are intrinsically related to 
nature of the symmery group. It is interesting that inspite of this difference, there 
is a striking similarity between non-trivial sectors of the sl{3,R) algebra discussed 
in the previous section {Xq, Xj, Xq) and su{2, 1) algebra here {Xq,Xj,Xs). One can 
easily see this taking the corresponding commutators. 

Five-dimensional target space for the BDM stationary system is the product of 
a sjTumetric space SU{2,1)/ S{U{1) x f/(2)) and a line R. Hence the integrability 
arguments developed for EM system equally apply to the present case. Nevertheless, 
both theories are physically different. It is worth to be reminded once again that the 
EM theory is not a particular case of the EMD system since the dilaton equation 
(2.21) imposes a constraint = on the Maxwell field if only we put0 = const. 

7 Solution— generating technique for non— critical 
coupling 

From the above analysis it is clear that the stationary EMD system with a 7^ 0, ^/S 
does not possess enough symmetries to ensure the existence of a full-scale solution 
generating technique similar to that of the EM and KK theories. Nevertheless there 
are some non-trivial maps between subspaces of the target space which can be used 
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to generate new solutions. These maps typically are descrete or present some combi- 
nations of descrete maps and continuous transformations described above. From five 
continuous transformations two are physically meaningful: a constant dilaton shift, 
accompanied by suitable rescaling of electromagnetic potentials, 



+ 



no 



Vi^V2 = e^-^i^z;!, (7.1) 
ai ^ a2 = e~°"^^'=ai, 
where (/)ic = const., and the scale transformation 

Vi ^ V2 = Cvi, ai — > 02 = Cai (7.2) 

with the real constant C. 

There are also some discrete symmetries of the target space valid for all a. One 
is discrete electric-magnetic duality 

0^-0, X ^ -X, V ^ a, (7.3) 

which obviously leaves the metric (2.25) invariant. 

Another discrete transformation is highly non-trivial. It is analogous to the well- 
known Bonnor transformation for the EM system [^. To derive it, let us consider 
two subspaces of the target space: the dilaton vacuum 

dll = '^^^4^ + 2#^ (7.4) 



2/2 



and the static magnetic sector 



2/2 / 
Under a (complex) transformation 



dll = ^-^^^ + 2d^'. (7.5) 



Xi = i y — ^ — j ^2, (7.6) 

01 = ^ (</>2 + f /2) , 
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the line element (7.4) maps onto (7.5) up to a constant rescaling 



dll - ( ^ I dll (7.7) 



Similarly, an "electric" transformation 

1/2 



Xl = ^(^J V2, (7.8) 

maps (7.4) onto the line element of the electrostatic subspace 

dl2 = ^ J + 2#^ (7.9) 

according the same rescaling rule (7.7). It is worth noting that, contrary to the 
isomctry transformations discussed in previous sections, as well as to original Bonnor 
map, here we deal with transfromations which conformally rescale the target space 
metric on a constant factor. This does not change cr-model equations, but does 
change the three-metric. If we restrict ourselves by the axially-symmetric case, and 
represent the three-metric in the Lewis-Papapetrou form 

df = e^^dp" + dz^) + pH^^, (7.10) 

from the three-dimensional Einstein equations we get 

7.= (j^)7. (7.11) 

To apply these transformations for generating purposes one needs to know ap- 
propriately complexified seed solutions in the same way as in the original Bonnor 
case. To ensure desired physical properties of resulting spacetime (e.g. asymptotic 
flatness) one can use the dilaton shift (7.1) and the scale transformation (7.2). As an 
example we apply combination of (7.6) and (7.1) to the complexified Kerr solution, 
which belongs to the subspace (7.4) with = 0, 

2 A + 6^ sin" g 2 ^(dr^ , ^^2 , ^sin^g ^ 2^ .7.0^ 

ds = {dt - ud^) -Ei — + d9+ ^^^-^^d^ ■ (7.12) 



Here 



9^ ,9 ^ 9, 9 9^ 2imbrsm^6 
A = r" - 2mr - 6^ E = r" - cos" 9, u ^ ^, (7.13) 
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and parameter b is related to the original Kerr rotation parameter a as b = ia. The 
corresponding twist potential is pure imaginary 

X = 2imbcoseE-^, (7.14) 

and the metric function 7 can be found from 

e2T = ^, Q = A + {m^ + b^)sm^9, P = A + b^sm^9. (7.15) 

Let us apply to this solution a magnetic Bonnor-type transformation (7.6). The 
resulting metric will read 

d.^= Q'dt^- (^y|(cir^ + Ade^)- (D^Asin^^V, (7-16) 

where 

1 + 

The corresponding magnetic potential and the dilaton function will be 

a = ^^^ , 0=-— In-. (7.18) 

For a = new solution reduces to the original Bonnor solution for electrovacuum 
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Similarly, an electric transformation (7.8) applied to (7.12) gives the same metric 
(7.16) and 

2^mbcos9 ^ au ^ P /„-,^n 

^ = ^^ ' '^^T s' ^ ^ 

both solutions are related by the discrete duality (7.3). A magnetic (electric) field 
coincides with that of a magnetic (electric) dipole 

2mb 

The Schwarzschild mass is given by 

^ = TX^, (7-21) 
1 + a"^ 

and the dilaton charge is related to mass as 

D = ±aM. (7.22) 
This relation is similar to that of the extremal dilaton black holes 1113 . 



It is worth noting that for KK case a = ^/S the target space metric is not rescaled, 
as it is clear from Eq. (7.7). In this case the function Q does not enter the transformed 
solution (7.15). In the stringy case a = 1 the metric (7.16) is given entirely in terms 
of rational functions. 
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8 Conclusion 



By direct integration of Killing equations for the target space corresponding to the 
stationary Einstein-Maxwell-dilaton theory we have shown that for general dilaton 
coupling constant a, with notable exceptions of a = and a = a/3, only a five- 
dimensional solvable Killing algebra holds. This algebra is isomorphic to the maximal 
solvable subalgebra of the s/(3, R) , to which the symmetryalgebra is enlarged in the 
exceptional case a = \/3. For a ^ ^/S, the isometry group does not contain the 
essentially non-trivial Ehlers-Harrison-type transformations and does not possess 
enough symmetries to render the system to be sharing two-dimensional integrability 
property of the KK and BMD theories. 

In two critical cases a = and a = the target space has the structure of 
cosets SL{3,R)/SO{3) and {SU{2,1)/S{U{2) x U{1)) x R respectively. Both can 
be parametrized by five real variables in which the corresponding lagrangians have 
very similar structure. Using this formulation we have found the non-trivial discrete 
(Bonnor-type) transformations for an arbitrary dilaton coupling constant. Their 
application (in combination with continuous transformations) leads to new solutions 
of dilaton gravity. 

It may seem rather dissapointing that in the stringy case a = 1 the system 
does not possess enough symmetries to make the theory to be two-dimensionally 
integrable. This symmetry breaking by a non-critical dilaton may be attributed to 
absence of the continuous duality rotation symmetry. This is a special property of 
the truncated stringy gravity action (1.1) without an axion field. In fact the dilaton 
has to be considered rather as representing the SL{2, R)/U{1) coset [^. Within 



this larger model the continuous duality rotation is a symmetry, and consequently, 
the isometry group of the corresponding target space is substantially enlarged [ p!6[] . 
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